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EXAMPLES OF INFORMATION TECHNOLOGIES FOR RECONSTRUCTION FROM THE DATA 
OF THE SPECTRUM OF SOME CLASSES OF RANDOM FUNCTIONS  

 
It is known that a stationary random process is represented as a superposition of harmonic oscillations with real frequencies and uncorrelated 
amplitudes. In the study of nonstationary processes, it is natural to have increasing or declining oscillationсs. This raises the problem 
of constructing algorithms that would allow constructing broad classes of nonstationary processes from elementary nonstationary 
random processes. A natural generalization of the concept of the spectrum of a nonstationary random process is the transition from 
the real spectrum in the case of stationary to a complex or infinite multiple spectrum in the nonstationary case. There is also the 
problem of describing within the correlation theory of random processes in which the spectrum has no analogues in the case of 
stationary random processes, namely, the spectrum point is real, but it has infinite multiplicity for the operator image of the 
corresponding operator, and when the spectrum itself is complex. Reconstruction of the complex spectrum of a nonstationary random 
function is a very important problem in both theoretical and applied aspects. In the paper the procedure of reconstruction of random 
process, sequence, field from a spectrum for Gaussian random functions is developed. Compared to the stationary case, there are 
wider possibilities, for example, the construction of a nonstationary random process with a real spectrum, which has infinite 
multiplicity and which can be distributed over the entire finite segment of the real axis. The presence of such a spectrum leads, in 
contrast to the case of a stationary random process, to the appearance of new components in the spectral decomposition of random 
functions that correspond to the internal states of "strings", i.e. generated by solutions of systems of equations in partial derivatives 
of hyperbolic type. The paper deals with various cases of the spectrum of a non-self-adjoint operator A, namely, the case of a discrete 
spectrum and the case of a continuous spectrum, which is located on a finite segment of the real axis, which is the range of values of 
the real non-decreasing function a (x). The cases a (x) = 0, a (x) = const, a (x) = x and a (x) is a piecewise constant function are 
studied. The authors consider the recovery of nonstationary sequences for different cases of the spectrum of a non-self-adjoint operator 
A promising since spectral decompositions are a superposition of discrete or continuous internal states of oscillators with complex 
frequencies and uncorrelated amplitudes and therefore have deep physical meaning. 

Key words: information technologies, mathematical modeling, correlation function, triangular models of operators, 
nonstationary random sequences and processes, spectrum of an operator, rank of nonstationarity, quasi-rank. 

 
Introduction.  
The problem of reconstruction based on the complex 

spectrum of a non-stationary random function is quite 
relevant in both theoretical and applied aspects. This is due 
to the fact that a natural generalization of the concept of 
the spectrum of a non-stationary random process would be 
the transition from a real spectrum in the case of 
stationarity to a complex-valued or infinite spectrum in the 
non-stationary case. The basis for such a generalization is 
the fact that a stationary random process is represented in 
the form of a superposition of harmonic oscillations with 
a real frequency and uncorrelated amplitudes, that is, an 
elementary stationary random process is harmonic 
oscillations of the form     0

0, i tt e     , where 0   

real frequency of harmonic oscillations. When studying 
non-stationary (transient) processes, the presence of 
growing or decaying oscillations is natural, therefore the 
simplest non-stationary random processes are processes of 
the form     0

0, i tt e     , where 0 0 0i    , 

0 0   (if 0 0  , then the fluctuations increase, and if 

0 0  , then the oscillations disappear). At the same time, 

the question arises about the construction of algorithms 
that would allow to "compose" sufficiently broad classes 
of non-stationary processes from elementary non-
stationary random processes. A similar question arises 
with non-stationary sequences and non-homogeneous 
fields. Separately, there is a problem of description within 
the correlation theory of random processes, in which the 
spectrum has no analogues in the case of stationary 
random processes, for example, the point of the spectrum 
is valid, but the corresponding operator in the operator 

image has this point of infinite multiplicity, and also, when 
the spectrum itself is complex. 

For Gaussian random functions, the procedure for 
reconstruction of a random process, sequence, field by 
spectrum is developed in the article. It should be noted that 
compared to the stationary case, wider possibilities open 
up here, for example, the construction of a non-stationary 
random process with a valid spectrum, which has an 
infinite multiplicity and which can be distributed over the 
entire finite segment of the valid axis. The presence of 
such a spectrum leads, in contrast to the case of a 
stationary random process, to the appearance of new 
components in the spectral distribution of random 
functions, which correspond to the internal states of the 
"strings", that is, they are generated by the solutions of 
systems of equations in partial derivatives of the 
hyperbolic type. The task of obtaining physical 
interpretations of spectral expansions of non-stationary 
functions is closely related to the task of restoring a 
random process by spectrum. The article continues the 
research [7] and solves the problem of obtaining spectral 
distributions of some new classes of random sequences 
and fields. Note that, using the operation of coupling 
operators (operator complexes), it is possible to consider 
more complex cases of spectra. 

Analysis of the latest research.  
Spectral analysis of unitary operators was 

successfully used by A.M. Kolmogorov [1] to build a 
correlation theory of stationary random sequences, as well 
as to solve a number of applied problems of filtering and 
forecasting of stationary random sequences. 
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Kolmogorov's approach is based on the fact that each 
stationary random sequence corresponds to a sequence of 
vectors in a specially constructed Hilbert space, which 
allows studying non-stationary random sequences by 
methods of mathematical analysis of deterministic 
functions that take values in the corresponding Hilbert 
space. Later, Kolmogorov's ideas were further developed 
in works [2, 3]. A. M. Yaglom [4] and Yu. A. Rozanov [5] 
made a particularly significant contribution to the 
construction of the general theory of stationary sequences 
in Hilbert space.  

The spectral theory of non-unitary operators, the 
beginning of which was laid in the work of M.S. Livshits 
[6], and further development was obtained in [8-19, 21, 
22], could not help but give impetus to various 
applications. One of such examples of effective 
applications is the reconstruction of random processes and 
sequences by spectrum. For stationary random processes, 
this problem is solved in [1, 4]. For non-stationary random 
processes and sequences, this problem was not posed in 
this formulation. These considerations were the 
motivating motives for the appearance of this article. In 
the process of researching this topic, a number of problems 
arose that are of independent interest. 

Formulation of the problem.  
The task of reconstructing random processes 

(sequences) by spectrum is one of the important tasks of 
modeling random functions. In the case of a stationary 
random process, this problem is solved using the spectral 
theory of self-adjoint operators and, for example, in the 
case of a discrete spectrum, it is reduced to the 
construction of a special nondecreasing function of jumps 
with jumps at the points of the spectrum. For non-
stationary random functions, this problem was not posed 
in this formulation. To solve this problem, it is natural tсo 
use the spectral theory of dissipative non-self-adjoint 
operators or contractions. 

Let us first consider the case of a discrete spectrum. 
Let be a given finite or countable set of complex numbers 
 k , which are located in the upper half-plane and are 

limited as a whole: . Let's construct a dissipative 

operator A  whose spectrum consists of these points. Let
2

2
k

k k i
    and put an additional requirement that

2

1
k

k






  . To construct a dissipative operator, consider a 

Hilbert space 2l  and an operator   2 2,A l l  of the 

following form:  
 

   
1

1

1,2,...
k

k k j j k
k

j

Af f i f k  




                (1) 

 
It can be seen from (1) that this operator is 

constructed only by the spectrum  k  and its matrix 

image is lower triangular. It's easy to check that 

   ,
A A

g g
i




  , where 
1

2g



 
   
 
 

, that is, it A  has a one-

dimensional imaginary component. But then the curve  t  

in 2l  shape   
0

it A
t e  , where  0  fixed element with 2l , 

is a non-stationary curve with a rank of non-stationarity 
equal to one, and the spectrum of this curve consists of 

 k . Similarly, the sequence  n  in 2l  shape   
0

n

n A   

is a non-stationary sequence with quasi-rank equal to unity 
and a spectrum  k . Using the image for the function 

from the operator A  through its resolvent, we have for the 

k-th component 
 

0
it Ae   (in the case when  

0 g  ) 

representation: 
  

1

1

1

2

k
jit A it k

k jk j

e g e d
i





  
    






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 
. If all j  are distinct, then, calculating using the theory of 

residues, this integral is equal to the sum of residues at 

special points. We receive 
  

1

j

k
itit A

jk
k j

e g e a



 . For  n
A g

, we get, respectively 
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1
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2

kn jn k

k jk j

A g d
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




 

  . But in the case 

of excellent ones, we get accordingly j  accordingly we 

have   
1

kn
n

j jk
k j

A g b


 , where jit

jke a , n
j jkb  excesses 

of the corresponding integrand functions at special points. 

In the event that 
0 g   calculations are more 

cumbersome, so only the final result will be given: 
 0

1
,

2
it A it k

k k

e e Gd
i




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  
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 
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

 
 

                   

  


, 

where 


k
k

k

a



 . For  
0

n
A   accordingly we have: 

  0

1
,

2

n
it k

k k

A e Gd
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, 

where 


k
k

k

a



 .  

k C 
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Consider the case when the spectrum of the non-self-
adjoint operator A is located on a finite segment of the real 
axis, which is the domain of values of a real-valued 
nondecreasing function  a x . Then a model operator is 

an operator A  that acts in  
2
0,lL  and acquires the form 

         
0

x

Af x a x f x i f y dy   . Using the results of 

work [20] on the image of the resolvent, for the curve 
  

0
it A

t e   we have: 

   
2

( )( )
0 0 0

0

1
( ) ( )

2

x
dyx

a yit A ita x ite e x e e d d
x






     
 




       
 

 

. 

Note that the curve ( )
0 ( )ita xe x  is a stationary curve 

in Hilbert space  
2
0,lL . 

Similarly for   
0

n

n A   we get: 

    
2

( )0
0 0

0

( )1
( )

2 ( )

x
dyx

n a yn
n

x
A i e d d

i a x x






      
  




         
 

  , 

or 

    
2

( )

0 0

0

1
( ) ( )

2

x
dyx

a yn n
n a x x i e d d

x i






      
 




         
 

  , 

where the first term is a Hankel sequence in  
2
0,lL , due to 

the fact that its correlation function is equal to 
 

         
 

    
2
0,

2

0 0 0

0

,
l

l
n m n m

L
a x x a x x a x x dx    , 

that is, it depends on the amount n m . 
Let's consider the cases: 
1. a(х) = 0, 

       0 0 0 1

0

( ) ( ) 2 ( )
x

it A
n

t
u x e x J t x d

x
     


   

 ,  

where  
2

1 2
0

( 1)

2 2 !( 1)!

k k

k
k

y y
J y

k k








  Bessel function of the 

I-st kind of the 1-st order,  2y t x   . 

2. a(х) = a0, 
       0 0

0 0 0 1

0

( ) ( ) 2 ( )
x

ita ia tit A
n

t
u x e e x e J t x d

x
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
   

 . 

3. a(х) = х, 
       0 0 0 1

0

( ) ( ) 2 ( )
x

it A itx itx
n

t
u x e e x e J t x d

x
     


   

 . 

 
4. Let a(x) be a piecewise constant function of the 

form 
1 1

2 1 2

3 2

,0

( ) ,

, 1.

b x a

a x b a x a

b a x

 
  
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There are six possible cases of mutual location of 
points  < x from the interval [0;1] relative to points a1 and 
a2. Let us consider only the most complex arrangement, in 
which the interval (; x) contains gaps a1 and a2.  

Let 0 <  < a1 < a2 < x < 1, then 
 

    0 ( )n
n a x x    

2

0

0

1
,

2

y

d
x

  
 


 

    

 
      1 2 3 3 1 2 2 3 1, , , , , , , , , , , , ,n x b b b n x b b b n x b b b       

   
 

2 1 2

2 3

1

( 1)

1
1 2 3

1

, , , , 2
! 1 !

nn a a y a
ix i i

b b

n
b

i a
n x b b b i e

n n


 




 

   
 




          


  22 1 2 1

1 31 1 2 1 1 2

1
1 1 1

1
1 1

2 ( ) ( )
!( 1)!

n y aa a a anii i
b bixb b b ixb b bn j n j

n
n j

i a
i e ix e e C e ix e

n n




  
   


 

           
   

 
 

 
 

   
 

2 2 1

1 3 1 22

1 11 3 1 3 1 2

1 1
;

!

Sj Ky a a aj ji i
b b b bK

jj S K
S K

i y a
e S j C e

b b S b b b b

 
 

 

         
  

 

 
     

 
 
 

 
2

1 32 1 2

1 11 2 1 3 1 3

1
, , ,

! !

S Sj ky a j kK i
b b

j k SS
S S

i a a i y a
S K e S j K

S b b b b S b b

 



 

                 
    

 

where      
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We note that, using the coupling operation of 
operators (operator complexes), it is possible to consider 
more complex cases of spectra. Using the Cayley 
transformation, a non-stationary random sequence can be 
reconstructed from the spectrum, in which

 dim 1I T T H  , where 2H l  is the Hilbert space, 

 2 2,T l l  is the operator that acts in this space, and the 

discrete spectrum j  is contained within the unit circle of 

the complex plane. Indeed, from the general picture 
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i 

     


    ,  2 2,T l l , 

assuming for simplicity that 0 e  , where е is the channel 

element of the operator Т  ,I T T e e    and 

considering that the resolvent   1
T I   can be 
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1 1 1
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where A  the Kelly transformation of the operator Т.  
This transformation is a non-self-adjoint operator 


2dim2Im 1Al   with and spectrum 

1
, 1

1
j

j j
j

i
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


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
, 

which is located in the upper half-plane. Using the 

triangular model of the operator A  to  n k
  finally obtain: 
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Using similar considerations, it is possible to restore 

a non-stationary sequence in the case when its spectrum is 
located on a continuous arc of the unit circle: 
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where    
2 2
0, 0,,l lT L L    ,  x  nondecreasing real-valued 

function. 

Having model images for 
 

0
it Ae   or  

0

n
A  , it is easy 

to calculate the corresponding correlation functions. 
Prospects for further research information 

technologies.  
The authors consider it promising to restore non-

stationary sequences for various cases of the spectrum of 
the non-self-adjoint operator A. At the same time, it should 
be borne in mind that the spectral expansions will have a 
deep physical meaning if these expansions represent a 
superposition of discrete or continuous internal states of 
oscillators with complex frequencies and non-correlated 
amplitudes. In the case of an infinite spectrum, one should 
expect the appearance of members in the spectral 
distribution that correspond to significantly new states 
compared to stationary random processes.  

These states, in turn, correspond to distributed 
systems: generalized strings generated by equations with 
partial derivatives of the form  

 
2 2

0 0 02 2
2

u u u
a b c u

t t x

  
  

  
 or 

2

0
u

u
t x


 

 
.  

 
Let us emphasize that the construction of the 

correlation theory of random fields can be connected with 
the theory of systems of doubly permutable operators. 
This will make it possible to study random fields by 
methods analogous to the correlation theory of random 
sequences and processes. 

Conclusions.  
Thus, in this article, the task of reconstructing non-

stationary random processes (sequences) by spectrum is 
solved. Different cases of the spectrum of the non-self-
adjoint operator A are considered, namely, the case of the 
discrete spectrum and the case of the continuous spectrum, 
which is located on a finite segment of the real axis, which 
is the region of values of a real-valued nondecreasing 
function  a x . The cases a(х) = 0, a(х) = a0, a(х) = х and 

a(х) – piecewise-constant function are considered. It 
should be noted that model images for non-stationary 

random processes and sequences (
 

0
it Ae   or  

0

n
A  ) can be 

used to build specific models of non-stationary random 
processes that can be applied to interpret statistical data. 
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О. П. ПРІЩЕНКО, Н. В. ЧЕРЕМСЬКА, С. І. БУХКАЛО 
ПРИКЛАДИ ІНФОРМАЦІЙНИХ ТЕХНОЛОГІЙ ДЛЯ РЕКОНСТРУКЦІЇ ЗА ДАНИМИ 
СПЕКТРУ ДЕЯКИХ КЛАСІВ ВИПАДКОВИХ ФУНКЦІЙ  

Відомо, що стаціонарний випадковий процес зображується у вигляді суперпозиції гармонічних коливань із дійсними 
частотами та некорельованими амплітудами. При дослідженні нестаціонарних процесів природною є наявність 
зростаючих або згасаючих коливань. При цьому виникає задача побудови алгоритмів, які дозволяли би конструювати з 
елементарних нестаціонарних випадкових процесів широкі класи нестаціонарних процесів. Природним узагальненням 
поняття спектру нестаціонарного випадкового процесу є перехід від дійсного спектру у випадку стаціонарності до 
комплекснозначного або нескінченнократного спектру в нестаціонарному випадку. Також виникає проблема опису в 
межах кореляційної теорії випадкових процесів, у яких спектр не має аналогів у випадку стаціонарних випадкових 
процесів, а саме, точка спектру дійсна, але у відповідного оператора в операторному зображенні ця точка нескінченної 
кратності, а також, коли сам спектр комплексний. Реконструкція за комплексним спектром нестаціонарної випадкової 
функції є досить актуальною проблемою як у теоретичному, так і в прикладному аспектах. В статті розроблена процедура 
реконструкції випадкового процесу, послідовності, поля за спектром для гаусівських випадкових функцій. Порівняно до 
стаціонарного випадку, тут відкриваються більш широкі можливості, наприклад, побудова нестаціонарного випадкового 
процесу з дійсним спектром, який має нескінченну кратність та який може бути розподіленим на всьому скінченному 
відрізку дійсної осі. Наявність такого спектру приводить, на відміну від випадку стаціонарного випадкового процесу, до 
появи нових складових у спектральному розкладі випадкових функцій, які відповідають внутрішнім станам "струн", тобто 
породжуються розв’язками систем рівнянь у часткових похідних гіперболічного типу. Автори вважають перспективними 
відновлення нестаціонарних послідовностей для різних випадків спектра несамоспряженого оператора А тому, що 
спектральні розклади є суперпозицією дискретних або континуальних внутрішніх станів осциляторів із комплексними 
частотами та некорельованими амплітудами і тому матимуть глибокий фізичний зміст. 

Ключові слова: інформаційні технології, математичне моделювання, кореляційна функція, трикутні моделі 
операторів, нестаціонарні випадкові послідовності і процеси, спектр оператора, ранг нестаціонарності, квазіранг. 

 
О. П. ПРИЩЕНКО, Н. В. ЧЕРЕМСКАЯ, С. И. БУХКАЛО 
ПРИМЕРЫ ИНФОРМАЦИОННЫХ ТЕХНОЛОГИЙ ДЛЯ РЕКОНСТРУКЦИИ ПО ДАННЫМ 
СПЕКТРА НЕКОТОРЫХ КЛАССОВ СЛУЧАЙНЫХ ФУНКЦИЙ  

 
Известно, что стационарный случайный процесс представляется в виде суперпозиции гармонических колебаний с 
вещественными частотами и некоррелированными амплитудами. При исследовании нестационарных процессов 
естественным является наличие возрастающих или убывающих колебаний. При этом возникает задача построения 
алгоритмов, позволяющих конструировать из элементарных нестационарных случайных процессов широкие классы 
нестационарных процессов. Естественным обобщением понятия спектра нестационарного случайного процесса является 
переход от вещественного спектра в случае стационарности к комплекснозначному или бесконечнократоному спектру в 
нестационарном случае. Также возникает проблема описания в рамках корреляционной теории случайных процессов, у 
которых спектр не имеет аналогов в случае стационарных случайных процессов, а именно, точка спектра вещественная, 
но у соответствующего оператора в операторном представлении эта точка бесконечной кратности, а также, когда сам 
спектр комплексный. Реконструкция по комплексному спектру нестационарной случайной функции является достаточно 
актуальной проблемой как в теоретическом и в прикладном аспектах. В статье разработана процедура реконструкции 
случайного процесса, последовательности, поля по спектру для гауссовских случайных функций. По сравнению со 
стационарным случаем, тут открываются более широкие возможности, например, построение нестационаого случайного 
процесса с вещественным спектром, который имеет бесконечную кратность и может быть распределен на всем конечном 
отрезке вещественной оси. Наличие такого спектра приводит, в отличие от случая стационарного случайного процесса, к 
появлению новых составляющих в спектральном разложении случайных функций, которые соответствуют внутренним 
состояниям "струн", то есть порождаются решениями систем уравнений в частных производных гиперболического типа. 
Автори считают перспективними восстановление нестационарных последовательностей для разных случаев спектра 
несамосопряженного оператора А потому, что спектральные разложения являются суперпозицией дискретных или 
континуальных внутрнних состояний осцилляторов с комплексными частотами и некоррелированными амплитудами и 
потому имеют глубокий физический смысл. 

Ключевые слова: информационные технологии, математическое моделирование, корреляционная функция, 
треугольные модели операторов, нестационарные случайные последовательности и процессы, спектр оператора, ранг 
нестационарности, квазиранг. 


