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CONSTRUCTION OF STATISTICAL MODELS OF CHEMICAL AND TECHNOLOGICAL OBJECTS
ON THE BASIS OF A COMPLETE FACTOR EXPERIMENT

The article deals with the construction of a mathematical model of the process, which is created based on the results of a full factorial experiment.
Often, only the results of experimental studies carried out at such objects are the information, based on the processing of which, according to the
obtained mathematical model of the object, a high-quality control algorithm for this object can be implemented. At the same time, the construction
of a mathematical model that describes the technological process with the required accuracy often involves a huge amount of work at the stage of
experiments. The task of planning experiments is to establish the minimum required number of them and the conditions for their implementation, to
choose methods for mathematical processing of the results, and to make decisions. Designing experiments significantly reduces the number of
experiments required to obtain a process model. An active experiment involves a purposeful choice of factor values. Compared to a passive
experiment, such an experiment turns out to be more efficient and economical, since the amount of experimental work is significantly reduced. In
this article, in relation to chemical technology, the issues of organizing an experiment, mathematical processing of experimental data and
mathematical planning of an experiment in the search for optimal conditions for conducting a technological process are described. Mathematical
modeling and optimization of chemical technology objects is of great importance for obtaining higher professional education for students of the
Educational and Scientific Institute of Chemical Technology and Engineering.

Keywords: experiment planning, mathematical model, active experiment, chemical technology, technological process, full factorial
experiment, adequacy check.

O. II. IPIIIIEHKO, T. T. YEPHOI' OP

HNOBYJIYBA CTATUCTUYHHUX MOJIEJIEM XIMIKO-TEXHOJIOTTYHUX OB'EKTIB HA OCHOBI
MMOBHOI'O ®PAKTOPHOI'O EKCIIEPUMEHTY

VY crarti po3rismaeThes MoOyJoBa MAaTeMaTHYHOI MOJEN IMPOLECY, IO CTBOPIOETHCS 3a HACTIAKAMH IIOBHOTO (DaKTOPHOTO EKCIICPUMECHTY.
Haituacrinre sumie pe3ylIbTaTd eKCIEPUMEHTATEHIX JOCTIIKEHb, SIKi IPOBOAATHCS Ha TaKHX 00'€KTaX, € Ti€lo iH(popMamicro, Ha MiAcTaBi 00poOKH
SIKOT 32 OTPUMAHOI0 MAaTEMaTHYHOIO MOJEIUIIO 00'eKTa MOXe OyTH peani3oBaHUN SKICHHN aJrOPUTM YIPABJIiHHS MM 00'ekTOoM. Y TOW camuil yac
mo0yIoBa MaTeMaTUYHOI MOJETI, L0 ONMUCYE TEXHOJIOTIYHHUH MPOIeC i3 HEOOXITHOK TOYHICTIO, Hai4acTille MOB'A3aHiI 3 BEIWYE3HHM OOCSATOM
poboTH y cTafil MpOBeeHHS eKCIEPUMEHTIB. 3aBJaHHS IUIAaHyBaHHS eKCIICPHMEHTIB IIOJATac y BCTAHOBJICHHI MiHIMaIbHO HEOOXiMHO iX KiTBKOCTI
Ta YMOB iX NPOBEIEHHSA, y BHOOpI METOAIB MaTeMaTH4HOI 0OpOOKM pe3yibTaTiB Ta y MPUHHATTI pimeHs. IlnaHyBaHHS €KCIIEPUMEHTIB 3HAYHO
CKOpOUYe€ iX KiNbKiCTh, HEOOXiTHE OTPHMAHHS MOJENI mpouecy. AKTHBHHII eKCIIEPUMEHT Iepebdadae minecnpsMOBaHUM BHOIp 3HaueHb (HaKTOpiB.
TTopiBHSHO 3 ITACHBHUM EKCIICPUMEHTOM TAaKHH EKCIIEPHMEHT BHSBISETHCS OLIbII ¢()EKTUBHUM Ta CKOHOMIUHHM, OCKUIBKH 3HAYHO CKOPOUYETHCS
00CAr eKCIIepUMEHTaIbHOI poOOTH. Y Wil CTATTI BUKJIAJCHO CTOCOBHO XIMIYHOI TEXHOJIOTIi MHMTAHHS OpraHiallii eKCIepUMEHTY, MaTeMaTHIHOL
00poOKH eKCIEPHMEHTANBHUX JaHMX Ta MATEeMaTHYHOIO IUIAHYBAHHS CKCIICPUMEHTY IPH IIOLMIYKY ONTHMAIbHHX YMOB IIPOBCACHHS
TEXHOJIOTIYHOTO mpolecy. MaTeMaTHuHe MOJICIIIOBAHHS Ta ONTHMI3alis 00'€KTiB XIMIYHOT TEXHOJIOTIT Mae BENMKE 3HAYCHHS JUIA 3100YTTS BHILOL
npoceciiiHol ocBiTH 171 cTyAeHTiB HaBuanbHO-HAYKOBOrO IHCTHTYTY XIMiYHUX TEXHOJIOTIH Ta IH)KEHepii.

Ku11040Bi cJ10Ba: [1aHyBaHHS CKCIIEPUMEHTY, MaTeMaTHYHA MO/ICI]Ib, aKTUBHHII EKCIIEPHMEHT, XiMi4YHA TEXHOJIOTis, TEXHOJIOTIYHHUII IpoLiec,
MOBHHUIA (haKTOPHUIT EKCIIEPUMEHT, [IEPeBipKa aaeKBaTHOCTI.

Introduction.

The relevance of this article is determined by the
growing needs of the chemical industry for specialists
with sufficient qualifications to manage modern chemical
and technological facilities, consisting of a large number
of devices and connections (flows) between them.

Often, only the results of experimental studies
carried out at such objects are the information, based on
the processing of which, according to the obtained
mathematical model of the object, a high-quality control
algorithm for this object can be implemented.

At the same time, the construction of a
mathematical model that describes the technological
process with the required accuracy often involves a huge
amount of work at the stage of experiments.

The task of planning experiments is to establish the
minimum required number of them and the conditions
for their implementation, to choose methods for
mathematical processing of the results, and to make
decisions. Designing experiments significantly reduces
the number of experiments required to obtain a process
model [1-5].

Statement of the problem in general and its
connection with important scientific or practical
problems.

An active experiment involves a purposeful choice
of factor values. Compared to a passive experiment, such
an experiment turns out to be more efficient and
economical, since the amount of experimental work is
significantly reduced.

The disadvantage of an active experiment, which
implies a violation of the normal course of the
technological process, is associated with the possibility
of obtaining a defective product and damage to chemical
and technological objects.

When planning an experiment, each of the factors
can take on a certain number of values or levels. If the
number of levels is equal to n, and the number of factors
is equal to £, then the full factorial experiment involves N
experiments, where N = n* .

The plan of such an experiment (planning matrix)
contains a set of all N possible combinations of factors &,
varied at n levels [6-9].
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The most common is a two-level experiment, when
max

n = 2. In this case, the factor z; takes the values z;

and z;.“i“ corresponding to the upper and lower levels.

max _ _min

The value Az, = / / is the variation

interval for the j-th factor relative to the main or zero

max min

2" _z
level zY, equal to: z0=—L——
j J
2
It is obvious that z}mn = z? -z; and

max __
=
determine the area of the factor space under study, in
which the experiment is set up.

The value of the interval Az, should be large

z z?+Azj. The chosen values zj.) and Az,

enough so that the effect of varying the factor is not lost
against the background of random noise of chemical-
technological objects. On the other hand, overestimation
of the pull-out interval makes it difficult to adequately
describe the object using the regression model.

In k-dimensional factor space, the point with

0

coordinates (z{) 22y 5 e ,z,?) is called the center of the

plan. The processing of the results of a full factorial
experiment is greatly simplified if we move from factors
z,; written in natural scale to dimensionless variables x;,

z,—2"
J_ 7

according to the formula x; =
J
max Z;) +Az; —Z(;
Then we have: x;™ = —+———+=1,
Az

In this case, the planning matrix takes a standard
form, in which all variables at the upper level correspond
to the value +1, and at the lower level — the value —1.
Sometimes, when filling out the planning matrix, only
the signs of the levels are indicated: plus or minus.

Presentation of the main research material. In
higher mathematics classes, it is often necessary to solve

problems of a general nature. But for students of the
Educational and Research Institute of Chemical
Technologies and Engineering, tasks that are directly
related to their profession are of greater interest.

The following problem is analyzed by the authors
of this article in practical classes as an illustration of the
use of mathematical methods in chemistry.

Let us consider the problem of filling in the
experiment planning matrix, based on the results of
which the regression dependence of the degree of
decomposition of nitric acid polyhalite is constructed.

Polyhalite is a mineral of the sulphate class
(K,Ca,Mg(S0O,),-2H,0) — a raw material for the

production of mineral fertilizers.

Polyhalite-containing rocks have always been of
interest to researchers from the point of view of their
processing into potassium-magnesium fertilizers. One of
the methods of their processing is the decomposition of
polyhalite-containing rocks in nitric acid. Considering
the literature data, we can say that the degree of
extraction of K,O and MgO from polyhalite into

solution increases with an increase in the temperature of
the decomposition process and an increase in the
duration of the interaction of the reagents. The problem
under consideration will make it possible to verify the
correctness of the theoretical conclusions.

The following parameters were chosen as factors:
z, — process temperature, °C; z, — duration of
interaction of reagents, min; z; is the concentration of
nitric acid, mass percent [11-15].

The following parameters are considered as output
variables: y, — degree of extraction K,O , mass percent;
», is the degree of extraction of MgO, mass percent.

Zero level of the plan (center of the plan) and
variation intervals:

z) =30°C; Az, =6°C;
29 = 14min; Az, =3 min;
29 =12,5%; Az, =5 %.

The number of experiments (the number of possible
combinations of factor levels) N for a complete factorial

experiment is 2, which in the case of three factors is:

N =2° =8. The plan of the experiment when recording
factors in natural scale is shown in Table 1.

Table 1. Plan of the experiment when recording factors in natural scale

Number of experience Z] Z Z3 Number of experience Z] Z Z3
1 24 11 7,5 5 24 11 17,5
2 36 11 7,5 6 36 11 17,5
3 24 17 7,5 7 24 17 17,5
4 36 17 7,5 8 36 17 17,5
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For the full factorial experiment under
consideration, the planning matrix, written in
dimensionless variables with an additional column of the
fictitious factor x, equal to one, has the form presented

in Table 2.

When compiling the planning matrix, the following
rule is used: each subsequent factor (column) changes
sign half as often as the previous one. Important concepts
in the theory of experiment planning are randomization

and the number of degrees of freedom [17].

Randomization is any procedure that ensures that
the order in which an experiment is conducted is random.
It allows you to exclude the systematic effects of
uncontrollable factors. For example, in case of a
significant impact of an unaccounted factor in the second
half of the plan, the influence of the x3 factor in the
model will be distorted. With a random order of
experiments, this will not happen.

Table 2. Planning matrix for a full factorial experiment 2°

Number of experience X0 X1 x2 X3 Number of experience X0 X1 X2 X3
1 +1 -1 -1 -1 5 +1 -1 -1 +1
2 +1 +1 -1 -1 6 +1 +1 -1 +1
3 +1 -1 +1 -1 7 +1 -1 +1 +1
4 +1 +1 +1 -1 8 +1 +1 +1 +1
In relation to the planning of an experiment, the 93
number of degrees of freedom is the difference between
. . 65
the number of experiments N and the number of imposed
connections /, i.e., the number of model coefficients 78
calculated from the results of the experiment. For the 94
considered full factorial experiment 2* when constructing y= 80 |’
a linear model J = b, +bx, +b,x, +byx; the number of 63
degrees of freedom fis: f=N-[=8-4=4>0. 70
When f >0 the experimental design is called 21
unsaturated. Using the results of an experiment carried ) i
then the value of the coefficient &, is:

out according to such a plan, it is possible to calculate all
the coefficients of the model and check its adequacy.
In the case of building a model of the form
Y =by +bx; +b,x, +byx; +b,x X, +b3x X, +
+by3 X X5 + by33x, X, X
the number of degrees of freedom fis: f =8-8=0.
When f =0 the plan becomes saturated. In this
case, it is possible to estimate all the parameters of the
model, but it is impossible to check the adequacy.
In the case of building a model of the form
Y =by +bx; +byxy +byxy +byxx, +bjx x5 + by x,xy +

2 2 2
+by23 X Xy X3 + by X7 + by X5 + by
of freedom f <0, which

corresponds to supersaturated plans, in which it is
possible to estimate only a part of the model coefficients.
Any coefficient of the model b; can be calculated

the number of degrees

1 n
by the formula: b, = ﬁz X; V-
i=1

If, for the example under consideration, the
following values of the degree of recovery into the liquid
phase are obtained from the results of the experiment
K,0,, the mass percentage:

8
b =§Zy,- _78.6;
i=1

1 8
then the value of the coefficient b, is: b, = gle-l Vi =
i=1

~ =93+65-78+94-80+68—-70+81

= -1,62;
8

1 8

then the value of the coefficient b, is: b, = gle.z V=
i=1

_ —93+65+78+94-80-68+70+81

=2,12;
8

8
then the value of the coefficient b; is: b; = %le-3 Vi =
i=1

_ —93-65-78-94+80+68+70+81

8

Therefore, the linear model has the following form:

y=78,6-1,62x,+2,12x, —3,87x;.

Since the covariance matrix of the full factorial
experiment is diagonal, the resulting coefficients do not
correlate with each other. When excluding insignificant
coefficients from the model, there is no need to
recalculate the rest [10].

=-3,87.
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The significance of the coefficients of the
regression equation is checked by Student's t-test. The
coefficient b, is significant if the following condition is

]
met: 1, =—>f_, .,
8,
where « is the reduced significance level.

Since the diagonal coefficients of the covariance
matrix are the same and equal to N, the estimate of the
standard deviation S, of any of the coefficients is:

S,,, N

To calculate the reproducibility dispersion,
experiments are duplicated in the planning matrix or
additional n, experiments are performed in the center of
the plan. We believe that in the example under

consideration, four additional experiments (”0 = 4) were
performed.
Based on their results (y? :69; 71; 73; 71), the
>
average value is calculated y° == — =71,
Ty

as well as the reproducibility variance
7

1 & 2
§* = ' -3°) =2,67.
ny _11'2:1:(yl g )
Therefore, s =+/2,67 =1,63. Then the estimate of

the standard deviation S, is: S, = == %

NG

Critical value for the criterion of checking the

=0,58.

therefore, the coefficient b, is significant;
@ _ |-3.87]
S,,} 0,58

therefore, the coefficient b; is insignificant [16].

=6,67 <l(0s53>

After eliminating the insignificant coefficient, the
regression equation takes the following form:
y=78,6+2,12x, —3,87x;.

To assess the adequacy of the model, the value of
the residual variance is calculated:

i(yi -J )2 Zg:(yi ¥ )2

S2 — i=1 — i=1 — 9,8,
N-I 8-3
where [/ is the number of significant regression
coefficients.
The value of the ratio is:
2
=== 28 367,
s 2,67

The critical value of the Fisher criterion for
a=0,005; f,=5; f,=3; Fm,fl’f2 =9,

Since F<F

wrf.» the resulting model is

adequate.

Returning to the natural scale of the factors, we
obtain the expression of the regression dependence in the
final form:

14 12,5

_3,873°
5

$=78,6+2,1222 ;
or
$=178,82+0,707z, —0,774z;.

The methodology for calculating the regression
dependence, which contains the effects of the interaction

s|igr|1iﬁcance of the coefficients:  of factors, does not differ from the previously considered
by| 78,6 . methodology and does not involve additional
g = ﬁ =135,5> 1,53, therefore, the coefficient b, experiments. [18].
’ To calculate the model defined by the equality
b -1,62 -
is significant; u = u =2,79 <1, 53 therefore, the = by by +byXy + by + b XX + by XX + by s
S, 0,58 an extended planning matrix is compiled, containing
| b | 212 additional columns for determining the coefficients for
coefficient b, is insignificant; S—2 = m =3,65>1,,53, paired interactions (Table 3):
b, >
Table 3. Expanded planning matrix
Number of experience Xy X X, X3 XX, X, X3 Xy X5
1 +1 -1 -1 -1 +1 +1 +1
2 +1 +1 -1 -1 -1 -1 +1
3 +1 -1 +1 -1 -1 +1 -1
4 +1 +1 +1 -1 +1 -1 -1
5 +1 -1 -1 +1 +1 -1 -1
6 +1 +1 -1 +1 -1 +1 -1
7 +1 -1 +1 +1 -1 -1 +1
8 +1 +1 +1 +1 +1 +1 +1

Bicnux Hayionanvnoeo Texniunoeo Yuisepcumemy «XI1l». Cepis: Innosayiiini

35

docridoicenus y Haykosux pobomax cmyoeumis, 2023, Ne 1 (1365)



ISSN 2220-4784 (print), ISSN 2663-8738 (online)

The coefficients, b,, b; and
8

Z(xlxz ),- Vi

respectively: b, = ’ZIT =8,37,

Zg‘,(xl)% ),- Vi

b,, are equal,

=1,375,

8
Z(xz)% ),- Vi
byy =+ 3
Obviously, of the three coefficients for pair effects,
only the coefficient b, is significant. The regression

=-1,375.

model has the following form:
y=78,6+2,12x, —3,87x; +8,37x,x,.

Thus, we have seen that theoretical statements are
confirmed by processing the results of a full factorial
experiment.

Conclusions and prospects for
development of this direction.

One of the ways to accelerate scientific and
technological progress in the chemical industry is the use
of mathematical methods to organize experiments on a
computer model and at an industrial facility, to process
the obtained experimental data and build mathematical
models of processes, to search for optimal conditions for
conducting a technological process, which will ultimately
lead to to increase the technological and economic
efficiency of designed and operating chemical-
technological facilities.

The use of methods of optimal planning of an
experiment makes it possible to reduce to a minimum the
number of experiments for constructing adequate models
and to achieve a significant reduction in time and
material costs for studying the simulated chemical
processes. In some cases, the use of regression and
correlation analysis methods for studying industrial
facilities makes it possible to obtain recommendations
for optimizing their operation based on statistical
processing of passive experiment data, through
observations made at the facility in its normal operation.

This is especially important for the chemical
industry, since technological devices and circuits in this
industry are complex systems, and the presence of
disturbance sources in most cases determines their
stochastic nature. An acceptable method for modeling
such systems is the construction of empirical
dependencies by statistical methods.

An additional advantage of the methods of optimal
planning of the experiment is the possibility of
identifying and eliminating the mutual influence of the
factors under study, highlighting the influence of
individual factors on the output characteristic of the
system under study, which allows us to formulate
practical recommendations for controlling the process

further

under study. In this article, in relation to chemical
technology, the issues of organizing an experiment,
mathematical processing of experimental data and
mathematical planning of an experiment in the search for
optimal conditions for conducting a technological
process are described.

Mathematical modeling and optimization of
chemical technology objects is of great importance for
obtaining higher professional education for students of
the Educational and Scientific Institute of Chemical
Technology and Engineering. Firstly, this discipline
should be classified as a general professional, since its
study equips a person with general knowledge and skills
that will help to understand the patterns of any
phenomenon occurring in the economy, everyday life,
society, and nature. Secondly, the discipline is a special
discipline, because, studying it, students receive the
knowledge and skills necessary for research work in the
magistracy and allow them to continue their studies in
graduate school [19-24].
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HA OCHOBE ITOJIHOI'O ®PAKTOPHOI'O OKCIIEPUMEHTA

B cratee paccMaTpuBaeTcs IMOCTPOEHHE MaTeMAaTHYECKOH MOJENH IIpoIecca, KOTOpas CO3MAeTCs IO pe3yiabTaTaM IIOJHOTO
(haKTOPHOTO 3KCIEPUMEHTA. 3a4acTyIO TOJIBKO PE3yIbTaThl SKCIEPHUMEHTAIBHBIX UCCIIEI0BAaHNM, MPOBOJIUMBIX Ha TAKUX O0BEKTAX,
SIBJISIIOTCS TOH MH(pOpMAaLUel, Ha OCHOBaHHU 00pabOTKH KOTOPOIi IO MOJTyYSHHOH MaTeMaTHIeCKOH MOl 00beKTa MOXKET ObITh
peannu3oBaH KaueCTBEHHBIH aJrOPUTM YMpaBICHUS OaHHBIM OOBEKTOM. B To ke Bpemst MOCTpoeHHME MaTeMaTHYecKoil Mozenw,
OMUCHIBAIOLIEH TEXHOJNIOTMYECKHH MpoIiecc ¢ He0OOXOAMMOI TOUHOCTBIO, 3a4acTyI0 COIPSKEHO C OTPOMHBIM 00BEMOM PabOTHI Ha
CTaIuU TPOBEACHUS OKCIIEPUMEHTOB. 3ajada IUIAHUPOBAHUS HKCICPHMEHTOB COCTOMT B YCTAHOBICHHHM MHHHUMAJIBEHO
HEOOXOJMMOTr0 MX KOJHMYECTBA M YCJIOBUH MX NPOBEICHHS, B BEIOOPE METOIOB MaTeMaTHUECKOH 0OpabOTKHM Pe3yNnbTaToB U B
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BOMIPOCHl OPTraHM3allUM 3KCIIEPUMEHTa, MaTeMaTHYeCKOH 00pabOTKM SKCIIEPUMEHTANbHBIX JaHHBIX M MaTeMaTHYECKOTo
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