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N. V. CHEREMSKA
CORRELATION FUNCTIONS AND QUASI-DETERMINISTIC SIGNALS

When processing data on random functions, they are most often limited to constructing an empirical correlation function. In this
regard, the problem arises of constructing a random function (a quasi-deterministic signal) determined by a finite set of random
variables and having a given correlation function. Moreover, a random function can often be considered Gaussian, since in many
cases a random signal is obtained at the output of the system, which is fairly well approximated by a Gaussian. For stationary
random processes and for random fields, this problem has been considered. For random sequences and discrete random fields, as
well as for non-stationary random signals, the problem remained open. The article considers the problem of restoring a random
sequence from known mathematical expectation and correlation function. Such a model random sequence is constructed, in which
the mathematical expectation and correlation function coincide with the given ones. The mathematical expectation and the
correlation function are the simplest probabilistic numerical characteristics, but they do not uniquely determine the corresponding
set of probability distribution densities that satisfy the conditions of normalization and consistency, provided that for each fixed
integer value of the parameter, the random sequence is a continuous random variable. The article considers the restoration of a
quasi-deterministic signal in stationary and non-stationary cases. For the stationary case, three examples are given for constructing a
quasi-deterministic discrete signal &(n) , provided that the spectral density has three different forms. For the non-stationary case, the

corresponding quasi-deterministic signal was obtained for various cases of the spectrum. The use of a random function model
determined by a finite number of parameters makes it possible to significantly simplify the analysis of applied problems, the
solution of which is associated with differential equations with random coefficients, which are such quasi-deterministic signals. In
this case, there is no need to use a complex apparatus of stochastic differential equations, since the solution of such an equation

simply depends on random variables as on parameters.

Keywords: mathematical expectation, correlation function, non-stationary random function, non-stationary random sequence,

quasi-deterministic signals.

Introduction.

There is a fairly wide class of applied problems,
which are characterized by statistical nonstationarity.
These are tasks such as simulation of dynamic modes of
control of transport and technological machines,
simulation of random non-stationary signals of intensities
from the output of the detection unit for flows of clean
coal and rock mass, and others. When processing data on
random functions, they are most often limited to
constructing an empirical correlation function. In this
regard, the problem arises of constructing a random
function (a quasi-deterministic signal) determined by a
finite set of random variables and having a given
correlation function. Moreover, a random function can
often be considered Gaussian, since in many cases a
random signal is obtained at the output of the system,
which is fairly well approximated by a Gaussian. For
stationary random processes such a problem was solved
in [1], for random fields a similar problem was
considered in [2].

Analysis of the latest research.

Certain  generalizations of stationary random
functions, which are additive or multiplicative
perturbations of stationary random processes or
homogeneous random fields, were wused to solve
problems for which the assumption of statistical
stationarity is not fulfilled. Namely: random functions
with stationary increments, which are used, for example,
to model atmospheric turbulence [3,4,5,6], locally
stationary random processes and locally homogeneous
random fields, which are used, for example, to model the
propagation of electromagnetic waves in the atmosphere
of Venus [7,8,9,10] and others.

For random sequences and discrete random fields,
as well as for non-stationary random signals, the problem

remained open.

Formulation of the problem.

Consider first the problem of restoring a random
sequence from known mathematical expectation and
correlation function. Such a model random sequence is
constructed, in which the mathematical expectation and
correlation function coincide with the given ones. The
mathematical expectation and the correlation function are
the simplest probabilistic numerical characteristics, but
they do not uniquely determine the corresponding set of
probability distribution densities that satisfy the
conditions of normalization and consistency (except for
Gaussian stationary sequences) [13], provided that for
each fixed integer value of the parameter, the random
sequence is continuous random variable.

Solution.

The solution of the formulated problem for
stationary random sequences is reduced to reconstructing
the spectral plane from the coefficients of the Fourier
series or, in a more general case, to the power moment
problem. In the case of stationary random sequences, it is
known that the correlation function can be represented as
[13]

K(r)=Jear()=[eor (s o

where f(x)=F'(x)20, if the corresponding derivative

exists. Let the mathematical expectation and the
correlation function of some stationary random sequence

be given: M & (n) =a(n), K.(n,m)=K(n-m).
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Consider a random sequence &(n)=a(n)+&e™",
and ¢,

variables and M ¢, =0, a(n)— deterministic function of

where ¢ independent random real-valued

a discrete argument. It's obvious that M&(n)=a(n).

Let's find the correlation function
K (nm)=M(&(n)~M&(n))(§(m)-ME(m)),

subject to  ME&(n)=0. If ME(n)=0, then

K(n,m) = Mé(n)?m) = M(éle"@"fle'ié") =K(n- m)
Therefore,

K(nfm):K(T):M‘é‘z je’”p(x)dx, (2)
where 7 =m—n, p(x)— probability distribution density
of a random variable with &, (@). From (1) and (2)

plx)=—

that = where
Mg
f(x)— spectral density, i.e. probability distribution

follows

‘2 (x), xel-n,x],

density of a random variable ¢, (a)) is proportional to

which
correlation function K (n - m) according to the formula

the spectral density, is restored from the

LS ek () [13].

r=—0

:271

/(%)

Stationary case.

Example 1.

Consider a random stationary sequence with a
correlation function K (0)=1,K(z)=0 given that

7 # 0 and mathematical expectation equal to zero [13].
Let us construct a quasi-deterministic discrete

signal  &£(n)  with ME(n)=0:&(n)=Ee™", &,&, —
independent random variables and M |§1 |2 =1.

Let us find its correlation function under the condition

that the spectral density has the form f (x)zzi. At
r

7#0 and 7— integer

K(n—m)= J:reix’f(x)dx =i:[!e"”dx =sinzr =0 At

7=0 K(n—m)zzLJ‘dle.Asaresult,
ﬂ-*ﬂ'

0,ecim 7 # 0,

K(z) :{ &)

1, ecmu 7 =0.

Thus, a stationary random sequence whose
correlation function has the form (3), and M¢&(n)=0 (for

simplicity), can be represented as &(n)=¢&e™”, at that
51 > 52 -
ME=0, MIE['=1, and ME =0, & - uniformly

distributed over the interval [-z, 7].

independent random variables,

Example 2.
i&n 2
£(n)=ge™", M& =0, M|E[ =1 6.6~
independent random variables. Let the spectral density
42
have the form [13] f(x):i- I-a ~, where
27[ eix_a|

la| <1,a— real. We normalize the spectral density to

unity:
n l— 2
< .[ — _dx=1.
27 = e a|
It is easy to check that,

LT 1-d° _LT 1-d°
Zﬂfﬂ(e"x—a)(e’i”—a) 27 1-2acosx+d’
Thence C =1.

Let a(n)=0,K(T)=CaM, |a|<l,C>0. Then the

sequence &(n)=&e™" has a given correlation function,

dx=1.

if M|cf1|2 =LLME& =0,M& =0, and &, on the interval

2
[-7, 7] has a distribution Ll—a2 .
2r 1-2acosx+a

Example 3.
Let the spectral density have the form [13]

e —b‘z _C (eix —b)(e""‘ —b)
e _a‘Z - e (eix 7a)(e—ix 7a) ’

_<.
2

f(x) 4)

a,b—reale, |a|<1, |b| <1, then the correlation function
is calculated by the formula
: C 1 (e b))
K — IXT d - . IXT d
(n,m) _J;e (x)dx . _jﬂe (eix_a)(e—ix_a) X
In the case of spectral density (4), the correlation
function is equal to

C(afb)(lfab)
1-d?
C(1-2ab+b)

2

~a‘f‘7l,if %0,
K(r)=
,if 7=0.
l-a

At that C and b can be determined from the system
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C(a —b)(l —ab)

=C,
1-4*

12

cb
a

=C,.

Non-stationary case.

Let us now consider the restoration of a quasi-
deterministic signal in the non-stationary case, when the
correlation function is not a difference function.

Let the correlation function have the form [11]:

§;¢ n+z' z'), (5)

7— integer, and functions go(k) are constructed in a

special way from complex numbers located in the unit
circle on the complex plane (discrete spectrum).

In this case, the structure of the quasi-deterministic
signal is more complex than in the previous cases. It is
easy to check that a random sequence of the form

df(n) — é:l (a))(p(n + go(a))) ,

p(&(w))
where M|(§1(a))|2 =L, M&(0)=0, & (o) and & (0)-
independent random variables, & (») — discrete random

variable that takes a countable number of values
0,1,2,... with probabilities p,,p,,p,...., has a correlation
function of the form (5).

If we turn to the case of a continuous parameter ¢,
then for a dissipative non-stationary random process
£(t) with ME(1)=0 of the first rank of nonstationarity,

the correlation function has the form [12]:

(p t+z'

wdr(0)

O'—-S

Then it is easy to check that a quasi-deterministic signal

& (@)p(t+¢ (o))
\/P(fo ((0))

of the form &(z) = , has a correlation

function of the form (6), where
M| (o) =LME(0)=0, &(0) and & (0)-
independent random variables, & (@) — continuous,

random variable & (w)e[0,), and p(x)— the

probability distribution density of this random variable.
In the case of a spectrum located in the upper half-

plane, ¢(¢) has the form ¢ (1 Zak , Where

Zb &t

a, <oo Ak

k=1

and A=a;+— ﬂj A £

> Ny mo

j#m.

Then the quasi-deterministic signal &(7) has the form

_ él (0)) = k iZ; (1+§D(m))
(t)=——=——==D a, ) be ,
O hew =&
where M|g‘1(a))|2 =LM&(0)=0, & (@) and & (o)~

independent random variables, i.e. it is represented as a
superposition of the internal states of oscillators with
complex frequencies, in contrast to the stationary case,
when it was possible to restrict one term and a real
frequency.

In the case of an infinite spectrum at zero

j fy(x)J,(v2ex)dx and then the corresponding quasi-

deterministic signal, which has a conflation function of
the form (6), represented as:

-1 YN .
e ), (y2(e+ & (@) x )

where M‘él(a))r:l,Mg‘l(w):O, 51(0)) and égo(a’)’

Jo(z)

independent random variables, fo(x)ewa],

zero-order Bessel function of the first kind.

Conclusions and directions for further research

Note that a similar approach can be used to simulate
quasi-deterministic signals for random inhomogeneous
fields (discrete or continuous arguments) with a given
correlation function.

So for dissipative random fields, the correlation
function has the form

k()= [[ o)

X=x+71,%+70,,%+0,Y =y, +7,0, +7,,y; + 75,

drldrzdr3,

where the structure of the function ¢(x) is determined

by the spectrum of the inhomogeneous field crpykrypa
(YHKIUU TPEAesIeTcs] CIEKTPOM HEOIHOPOTHOTO IOJIS
[14]. Whereas for quasi-deterministic signals depending
on one parameter, it is easy to see that a quasi-
deterministic continuous random field of the form

§(0)olr+(0)

= )

where M‘él(a))‘z =1L, M&(0)=0, & (@) and & (@)—
independent random variables,
&(0)=(&(w).8,(0).65(w))~  random  absolutely

continuous vector 0< ¢ (w)<oo and the joint probability
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distribution density p(x,,x,,x;).

The inclusion of a random parameter in the
equation coefficients as an independent variable makes it
difficult to study the probabilistic characteristics of the
problem solution. These are tasks such as models of
financial mathematics, mathematical models of the
density of a biological population, models that describe
the dynamics of the exchange rate of a financial asset.

The use of a random function model determined by
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a finite number of parameters makes it possible to
significantly simplify the analysis of applied problems,
the solution of which is associated with differential
equations with random coefficients, which are such
quasi-deterministic signals. In this case, there is no need
to use a complex apparatus of stochastic differential
equations, since the solution of such an equation simply
depends on random variables as on parameters.
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H. B. YEPEM CKAA

KOPPEJIAAHUOHHBIE ®YHKIIUAU U KBASUJIETEPMHUHUPOBAHHBIE CUT'HAJIBI

ITpu 06paboTke AaHHBIX O CIydailHbIX (QYHKIHMSAX Yallle BCEro OrpaHHYMBAIOTCS IMOCTPOCHHEM SMITUPHYCCKON KOPPESLUOHHON
¢yHkmun. B cBA3M ¢ 3TUM BO3HMKAeT 3ajadya O IIOCTPOCHHMH CIydaifHOH (yHKIMH (KBa3UAETEPMHUHHPOBAHHOTO CHIHAJA),
ompenesieMOd KOHEYHBIM HAa0OpOM CIydalHBIX BEIMYMH M HUMEIONEH 3aJaHHyI0 KOPPEIIHMOHHYI0 (yHKouio. Ilpudaem
cilydaifHyl0 (YHKIMIO 4acTO MOKHO CUMTATh I'ayCCOBCKOM, TaKk Kak BO MHOTHX CJIydasX Ha BBIXO/E CHUCTEMBI IOJIydaeTcs
CJIy4alHbI CUTHAJ, KOTOPBIA JOCTATOYHO XOPOLIO allPpOKCUMHPYETCA rayCCOBCKUM. [l cTallMOHAPHBIX CIy4ailHBIX IIPOLECCOB
U I CITy4YaiHBIX MOJIeH 3Ta 3aaya Oblia paccMOTpeHa. J{yis cirydaiiHBIX OCIe0BaTeIbHOCTEH U AUCKPETHBIX CIyYalHBIX MOJIEH,
a TalKKe AT HECTAllMOHApHBIX CIIydallHBIX CHTHAlIOB IpoOjeMa OcCTaBalach OTKPBITOW. B craThe paccMoTpeHa 3aada o
BOCCTAHOBJIEHHH CITy4alHOH MOCIE0BATEIBHOCTH 10 U3BECTHBIM MATEMaTHUECKOMY OXMAAHWIO U KOPPENSLMOHHON (QyHKIHH.
CrpouTcs Takasi MOZIeNbHAs CIydaiiHas MOCIeJ0BaTEbHOCTD, Y KOTOPOH MaTeMaTHUECKOE OXKUAAHUE M KOPPEISIIMOHHAs (QyHKINSA
COBIAMAIOT C 3aJaHHBIMU. MaTeMaTH4ecKoe OXHMIaHHE M KOPPEISIIUOHHAS (YHKIHS SBIISIOTCS IPOCTEHIINMHU BEPOSITHOCTHBIMU
YHCJIOBBIMH XapaKTEPUCTHUKAMH, HO OHH HE ONPENEIIIOT OIHO3HAYHO COOTBETCTBYIOIIMH HAOOp IUIOTHOCTEH pacipenereHHs
BEPOSITHOCTEH, Y/IOBJICTBOPSIONINE YCIOBHSIM HOPMHPOBKH ¥ COTTIACOBAHHOCTH, IIPH YCIOBHUHM, YTO IPH KaXKAOM (pUKCHpOBaHHOM
LeJIOM 3HAUYEHWU IapaMeTpa CilydaifHas IIOCIIeOBaTEIbHOCTb SBJIACTCA HENpPEpbIBHOM cilydailHOM BenuuumHOH. B crarhe
paccMOTPEHbl BOCCTAHOBJICHHUE KBa3HIETEPMHHHPOBAHHOTO CUTHAJda B CTallMOHAPHOM M HECTalMOHApHOM ciydasx. s
CTallMOHAPHOTO CIydas NMPUBEAEHBI TPU MPUMEPA JUIS TIOCTPOSHHS KBA3MAETEPMHHAPOBAHHOTO TUCKPETHOTO CHTHANA &(n) TpH

YCJIOBHH, YTO CHEKTpalbHasl INIOTHOCTh UMEET TPH PA3NUUHbIX BUAA. J[JIs HECTALIMOHAPHOTO Cily4as MOJY4eH COOTBETCTBYIOIIHIA
KBa3UJICTEPMHUHUPOBAHHBI CHUTHAN JUIL pPa3IMYHBIX CIIydaeB CIeKkTpa. lcromp3oBaHMe MOAENM CIydalHBIX (YHKIHH,
OIIpeNeIsIeMBIX KOHEYHBIM UHCIIOM IIapaMeTpOB, ITO3BOJSIET CYIIECTBEHHO YIPOCTUTH aHAIN3 NPUKIAJHBIX 3ajad, pelieHHe
KOTOPBIX CBS3aHO C I ¢epeHINaTbHEIME yYPaBHEHUSIMU CO CIIy4allHBIMH KO3()(HIMEHTaMH, KOTOpPHIE SBILIFOTCS TaKHMH
KBa3UJICTEPMUHUPOBAHHBIMHA CHTHaNaMH. [IpH 3TOM HeT HEOOXOAMMOCTH HCIIONBb30BaTh CIOXKHBIN ammapaT CTOXacTHYECKUX
JudepeHnanbHbIX ypaBHEHNH, TaK Kak pPEIICHHE TaKoro YpPaBHEHMS IIPOCTO 3aBUCUT OT CIyYaWHBIX BEIMYUH KaK OT
MapaMeTpPoB.

KnaroudeBble ci10Ba: MaTeMaTHYecKOoe OKHIAHUE, KOPpENSIMOHHAs (YHKIMS, HECTAallMOHApHas CiydaifHas (QyHKIHS,
HECTaI[MOHApHAs CIydaiiHas MOoCIeI0BaTeIbHOCTh, KBa3UAETEPMUHUPOBAHHbIE CUTHAJIBI.

H. B. YEPEMCBKA
KOPEJISIOIVHI ®YHKIIIT TA KBASITETEPMIHOBAHI CUTHAJIA

ITpu 06po6wLi AaHKUX PO BUMAAKOBI (YHKLIT HaiuacTine 0OMeXyIOThCs O0YI0BOIO eMIipuyHOl Kopessiuiitnol GyHkuii. ¥ 383Ky
3 MM BHHHKa€ 33j1aya Npo MoOynoBY BHIAnKoBOi (YHKIi (KBa3ileTEpMiHOBAHOIO CHUTHAIY), SIKa BH3HAYA€ThCA CKIHUCHHUM
HabOpOM BHIAJKOBHUX BEJMYHMH I Mae€ 3amaHy Kopemsiuidny ¢yskuito. [Ipuuomy BumaakoBy (yHKI[iI0 yacTo MOXKHa BBaXkKaTh
raycciBCbKOI, TaK sSIK y 0araTbOX BHNAQJKax HA BHXOJl CHCTEMH BHXOAWTh BHIIAJKOBHil CHrHaN, SKHIl IOCHTH J0Ope
alpOKCHMY€EThCSl TayCCiBCbKUM. I CTamiOHapHMX BHIAJAKOBHUX IPOLECIB Ta Ul BHIAAKOBHX MOJIB L€ 3aBOaHHSA OyIo
po3risiHyTO. [ BHITAJKOBUX IOCIIJOBHOCTEH Ta JMCKPETHHX BUIIAJKOBHUX IOJIB, @ TaKOX JUIS HECTALiOHAPHHUX BUITQJKOBHX
CHTHAJIIB Npo0ieMa 3anuinanacs BiIKPUTOIO. Y CTAaTTi PO3MITHYTO 3aBJAaHHS HPO BITHOBJIEHHS BHIIAJKOBOI MOCIIOBHOCTI 3a
BIZIOMUM MaTEMaTHYHHM OYiKyBaHHSM Ta KopelsiuiiiHowo QyHkuico. Byayerbes Taka MoJenbHa BHIIAJKOBa IOCIiJOBHICTb, sSKa
Ma€e MaTeMaTH4YHEe O4iKyBaHHs 1 KopelsiiiHa QyHKIs 30irafoThes i3 3aqaHuMu. MaTeMaTuuHe O4iKyBaHHS i KOpemsiiiiHa GyHKIis
€ HAWOPOCTILIMMH YHCJIOBHMH HMOBIPHICHUMH XapaKTEPHUCTUKAMH, ajie BOHH HE BH3HAYAIOTh OJHO3HAYHO BiAMOBiAHUI Habip
IIITBHOCTEH PO3MOiay HMOBIpHOCTEH, 10 3a0BOJBHSAIOTE yMOBAM HOPMYBaHHS i y3TO/DKEHOCTI, 33 YMOBH, L0 HPH KOXHOMY
(ikcoBaHOMY IIOMy 3HAUEHHI IapaMeTpa BHIIAJKOBA IOCIIJOBHICT € HEHNEPEPBHOIO BHIIAJKOBOIO BEIUYUHOIO. Y CTaTTi
PO3IIISIHYTO BiJIHOBJICHHSI KBa3iJeTEpMIHOBAHOIO CHTHAIly Yy CTalliOHAPHOMY Ta HECTalliOHapHOMY BHIaakax. s cTalioHapHOTro
BUIIAJKy HAaBEIEHO TPU IPUKIANY UL IOOYIOBH KBa3iJeTepMIiHOBAHOTO JHUCKPETHOIO CUTHAILY ¢(n) 3a YMOBH, IO CHEKTpalbHA

IIIBHICT Ma€ TPHU pi3Hi BUau. s HecTaliOHapHOTO BHUINAJKY OTPUMAHO BIIIMOBITHMI KBa3ieTepMiHOBaHWM CHTHA IS
pI3HMX BUINAJKIB CIIEKTpa. BukopucTaHHsS Mopmeni BHNMAJKOBUX (YHKIIH, IO BH3HAYAIOTHCS CKIHYEHHHUM YHCIOM IapaMeTpis,
JIO3BOJISIE CYTTEBO CIIPOCTUTH aHaJi3 IPHKIAJHUX 3aad, PO3B'I3aHH] SKHX MHOB's3aHe 3 AU(EPCHIaIbHUMHU DPIBHSHHAMH 3
BUMAJAKOBUMH Koe(illieHTaMu, sKi € TakAMH KBa3igeTepMiHOBaHMMH CHTHajiamMu. IIpy [bOMYy HeEMae HeoOXiJHOCTI
BUKOPUCTOBYBaTH CKJIAJHHUI almapar CTOXaCTUYHHUX AU(EepeHLiabHUX PiBHSAHb, OCKIUIBKH PO3B’SI3aHHS TAKOTO PIBHSHHS MPOCTO
3QJIeXKUTH Bijl BUIIAZIKOBUX BEJIMYMH, SIK BiJ] TApaMeTpiB.

KirouoBi ci1oBa: maremarnuHe OuiKyBaHHs, KopeisuiiiHa (yHKIis, HecTal[loHapHa BHMaaKoBa (YHKIs, HecTalliOHapHA
BUIIA/IKOBA TTOCITiJOBHICTb, KBa3iJeTepPMiHOBaHI CHTHAJIH.
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